Abstract. The stability of a linear generalized synchronization approach between different chaotic systems with unknown parameters is investigated in this paper. An adaptive controller and some parameter update laws are proposed to achieve stable linear generalized synchronization and parameter identification of different chaotic systems. This novel synchronization method effectively unifies complete synchronization, anti-synchronization, projective synchronization, rotation synchronization and function synchronization. The main results are illustrated by two examples: the rotation synchronization between Lorenz and Chen system; the modified projective synchronization between Lorenz system and Lü system.
Introduction
Since the seminal work in [8] , chaos synchronization has been a topic of great attention [9, 10] , and been applied like dominoes effect in numerous fields including secure communication [11, 12] , neurocomputing [13] , complex systems [14] , human brain and coronary artery [15, 16, 17] and so on. Due to above-mentioned and many potential applications, various different types of chaos synchronization have been developed such as complete synchronization [8, 18, 19] , anti-synchronization [20, 21] , phase synchronization [22, 23, 24] , lag synchronization [25, 26, 27] , generalized synchronization (GS) [28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40] , exponential synchronization [41] , impulsive synchronization [42, 43, 44, 45] , etc.
Generalized synchronization was first introduced in 1995 [28] . Kocarev and Parlitz gave the mathematical definition of GS in 1996 [29] . The papers [30, 31] proposed an auxiliary and a modified system approach to achieve GS, respectively. Projective synchronization, a subclass of GS, has been developed by some authors. Li and Xu considered a projective synchronization in different chaotic systems [32] . A modified projective synchronization of chaotic system was presented in [33] . In Ref. [34] , the function projective synchronization of uncertain chaotic systems was given. The projective synchronization of fractional-order hyperchaotic system was achieved in [35] . In [36] , lag projective synchronization and anti-synchronization can be achieved under the condition of systems with bounded nonlinearity. Recently, a new definition of GS in nonlinear systems using the concept of differential primitive element is introduced, this new definition, essentially, is a function projective synchronization [37] .
Linear synchronization, another subclass of GS, was proposed by Yang and Chua in [38] . In fact, linear synchronization unifies several different types of synchronization such as complete synchronization, anti-synchronization, projective synchronization, modified projective synchronization, rotation synchronization and function projective synchronization. So it is important to design linear synchronization for chaotic systems. Lu and Xi [39] developed a linear generalized synchronization of continuous-time identical chaotic systems. Hu and Xu [40] provided a stochastic linear generalized synchronization of chaotic systems based on robust control. However, Yang's method needs strict conditions for the drive system and the linear transformation matrix, and all these linear synchronization methods are focus on systems whose parameters are exactly known in advance. But in many practical cases, some system parameters cannot be obtained beforehand.
Motivated by the above discussions, the present paper attempts to provide a new general approach to accomplish linear synchronization of different chaotic systems with unknown parameters. Meanwhile, the unknown parameters of drive system can be identified correctly through parameter update laws. Examples of modified projective synchronization and rotation synchronization are performed to demonstrate the effectiveness of the approach.
The adaptive approach for generalized linear synchronization
The chaotic dynamics of the drive systeṁ
and the response systemẏ
where
n are state vectors of the systems (1) and
is the unknown parameter of the drive system (1). D(x) : R n → R n×k is the coefficient vector of the unknown parameter. f (x) is independent of the unknown parameters. By ∈ R n and g(y) are the linear and nonlinear part of system (2), respectively.
T ∈ R n is the controller to be designed.
Remark. System (1) includes many well known systems, such as the Lorenz system family, Chua's circuit, Duffing system, Rösler system, some hyper-chaotic systems, etc.
Definition 1.
The two different systems (1) and (2) are said to be in a state of linear generalized synchronization, if there exists a linear transformation matrix H = (h i,j ) n×n (h i,j are not all zero constants), a manifold M = {(x(t), y(t) | y(t) = −Hx(t)}, and a set Ω ⊂ R n × R n with M ⊂ Ω such that all trajectories (x(t), y(t)) of (1) and (2) with any initial conditions in Ω approach M as time t goes to infinity, that is to say,
where e(t) = y(t) + Hx(t) is the synchronization error. The above equation implies e(t) is globally asymptotically stable.
Remark. In definition 1, if we take the manifold M as {(x(t), y(t) | y(t) = Hx(t)}, the synchronization error will be e(t) = y(t) − Hx(t).
Theorem 2. For drive system (1), response system (2) and any linear transformation matrix H, if the controller and the parameter update laws are given by
T is the estimate of the unknown parameter Θ, ∆ is a constant matrix satisfying B + ∆ < 0 (negative definite). Then the linear generalized synchronization of systems (2) and (1) will be stability and the uncertain parameters Θ will be determined in the process of synchronization.
proof: From the drive system (1) and response system (2), the error dynamics can be expressed aṡ e =ẏ(t) + Hẋ(t) = By + g(y) + U (x, y) + Hf (x) + HD(x)Θ
Applying controller (3) and parameter update laws (4) to (9) 
Differentiating the Lyapunov function V (e,Θ) along the trajectories of the error dynamics (10) yieldsV
for any constant matrix B, there is always matrix ∆ such that B + ∆ < 0. That is to say, with a reasonable choice of ∆, the following inequality can be satisfieḋ
On the basis of the Lyapunov stability theorem and LaSalle's theorem, the zero point of the error dynamics (10) is globally asymptotically stable, i.e, lim t→∞ ∥e(t)∥ = 0. According to (10) , one can obtain that HD(x)Θ = 0 as time t goes to infinity. Because H ̸ = 0, D(x) is non-zero and bounded, Θ goes to zero as t → ∞, which means that lim t→∞ Θ * = Θ. Hence, all trajectories (x(t), y(t)) of (1) and (2) starting with any initial conditions approach M = {e ∈ R,Θ ∈ R k |e = 0,Θ = 0} as time t goes to infinity. So the globally asymptotically linear generalized synchronization of two chaotic systems is stability. Meanwhile, the parameter identification problem is solved. This completes the proof of Theorem 1.
Remark. In the more general case y = −Hx(t) − P (P is a non-zero constant vector), one need to subtract only P from the right side of (3).
Remark. Many synchronization phenomenons are the special case of the problem considered in this paper, such as complete synchronization (H = −I), anti-synchronization (H = I), projective syn-
 , the response system will be synchronized with the trajectory obtained by rotating (angle ϕ) the drive system around the z axis).
Application examples
Two simulation examples of linear generalized synchronization are considered to illustrate the the effectiveness of the approach described in Section 2.
Simulation 1:
We consider the rotation synchronization of Lorenz system and Chen's system. The drive and response systems are given by the following equations. For the drive system (Lorenz)
where x 1 , x 2 , x 3 are state vectors, and θ 1 , θ 2 , θ 3 are unknown parameters to be identified. When θ 1 = 10, θ 2 = 28, and θ 3 = 8/3, the system (13) has a chaotic attractor. The response system (Chen) is given as below
where y 1 , y 2 , y 3 are state vectors, and u 1 , u 2 , u 3 are controllers. According to the synchronization scheme proposed in the previous section, one can obtain that According to (3) and (4), one can obtain the controller as follows
and the parameter update laws   The true value of unknown parameters in drive system are also chosen as θ 1 = 10, θ 2 = 28, θ 3 = 8/3. The control input is also activated at 5 sec. For any set of initial conditions, the projections of the synchronized attractors onto the plane x 1 − x 2 (y 1 − y 2 ) and x 1 − x 3 (y 1 − y 3 ) are shown in Figure 2 .(a) and Figure 2.(b) , respectively. Figure 2.(c) is the evolution of the synchronization error E. Figure 2.(d) is the estimate parameters. 
Conclusions
In this paper, we present a method to design a response system to recognize linear generalized synchronization with the drive system with unknown parameters, and the stability of this synchronization is proved. Through this method, we not only achieve the linear synchronization of two different chaotic systems, but also estimate the unknown parameters. The modified projective synchronization and rotation synchronization of Lorenz system family are chosen to illustrate the effectiveness of the proposed method.
